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bstract
We introduce, in this paper, a condition Cn that can be viewed as a generalization of the conditions C2 investigated recently by
he present authors in [1,2,9,10]. We use this condition to give some results in the study of linear equivalence of ideal topologies
nd valuation ideals. Moreover, we present the notion of Cn-maximal ideals, and we show that every ideal satisfying the condition
n is contained in a Cn-maximal ideal.
 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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.  Introduction
Throughout this paper all rings are commutative with
dentity. Let R  be an integral domain not necessarily
oetherian, and K  its quotient field. Our objective in
his work is to introduce the notion of ideals satisfy-
ng the condition Cn (see, Definition 2.1) and give their
pplications in many areas.
Let I  be an ideal of R  satisfying the condition Cn and
et p  = √I  the radical of I. Note that, in this situation,
I  is a prime ideal (see, Proposition 2.6). The first aim
f this work is to prove that for every p-primary ideal I  of
 ring R  and for every positive integers n    1, I  satisfiesPlease cite this article in press as: W. Messirdi, C. Beddani. Some re
Sci. (2015), http://dx.doi.org/10.1016/j.jtusci.2015.10.009
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C BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).the condition Cn if and only if IRp satisfies also this
condition.
The second aim is to study the linear equivalence
between the p-adic and the p-symbolic topologies. More
precisely, we will show that: if I  is an ideal finitely gen-
erated of a ring R  and satisfies the condition Cn for some
positive integer n, then the p-adic and the p-symbolic
topologies are linearly equivalent, where p  = √I. That
means, there exist an integer l such that for all integer
s   1, we have:
p(snl) ⊆  Is ⊆  ps,
where p(snl) =  psnlRp ∩  R.
After that, we will give a simplification of the condi-
tion Cn specially for the valuation ideals as follows: let
ν be a valuation over a domain R, and I  an ideal of R
such that for all integers n ≥  1, In is a ν-ideal. Then the
following conditions are equivalent.sults about ideals satisfying the condition Cn, J. Taibah Univ.
behalf of Taibah University. This is an open access article under the
(1) I  satisfies the condition Cs.
(2) For all integers n    1, and for all elements x ∈  R
such that x2 ∈  Isn, we have x  ∈ In .
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Finally, we will introduce the notion of Cn-maximal
ideals and prove that every ideal satisfying the condition
Cn of a ring R  can be contained in a Cn-maximal ideal.
2.  Condition  Cn and  their  properties
In this section, we present the definition of the con-
dition Cn and give some properties of this condition.
Deﬁnition  2.1.  Let I  be an ideal of a ring R  and n  a
positive integer. We say that I  satisfies the condition Cn
if for all integers s  ≥  1 and for all x, y  in R  such that
xy ∈  Isn, either x  or y  belongs to Is.
Remark  2.2.
(1) Cn ⇒  Cn+1 for all integers n ≥  1.
(2) If I  satisfies the condition Cn for some integer n, then
all its power satisfies also the condition Cn.
(3) If I  and J  are two ideals satisfying the condition
Cn, then their intersection I  ∩  J satisfies also this
condition.
(4) The condition C1 means that the ideal In is prime for
all integers n ≥  1.
(5) Geometrical interpretation of the condition C2: Let
X = Spec  R  be an affine scheme of a Noetherian
domain and I  an ideal of R. Let πI : XI −→  X  the blow
up of X  along I. The ideal I  satisfies the condition
C2 if and only if XI is normal and the exceptional
divisor EI =  V  (IOXI ) is irreducible [1,2]. In this
special case the ideal I  is called one-fibered.
Example 2.3.
(1) The trivial ideals (0) and R  satisfies the condition Cn
for all integers n  ≥  1.
(2) Let p  be a prime number, then the ideal I  =  pZ
satisfies the condition Cn for all integers n  ≥  1.
(3) If (R,  m) is a regular local ring, then its maximal
ideal m satisfies the condition Cn for all integers
n ≥ 1.
(4) Every ideal of a discrete valuation ring satisfies the
condition C2.
Proposition  2.4.  Let  R  be  a ring  and  let  S  be  a mul-
tiplicatively closed  subset  of  R.  If  I  is  an  ideal  of  R
satisfying the  condition  Cn,  then  the  ideal  IRS satisﬁesPlease cite this article in press as: W. Messirdi, C. Beddani. Some re
Sci. (2015), http://dx.doi.org/10.1016/j.jtusci.2015.10.009
also this  condition.
Proof. Let s  be an integer and x, y  two elements in RS,
such that xy  ∈  (IRS)sn = IsnRS. Set x = a/z1 and y = b/z2 PRESS
iversity for Science xxx (2015) xxx–xxx
where a, b  ∈ R  and z1, z2 ∈  S. If xy  ∈  IsnRS, then there
exist c  ∈ Isn and z′1 ∈  S  such that
ab
z1z2
= c
z′1
.
Therefore, there exists z′2 ∈  S  such that
(z′2a)(z′1b) =  z′2z1z2c ∈  Isn.
As I  satisfies the condition Cn, we get z′2a ∈  Is or z′1b  ∈
Is. Therefore
x  = a
z1
= z
′
2a
z′2z1
∈ IsRS or  y = b
r
= z
′
1b
z′1z2
∈ IsRS.
This shows that IRS satisfies again the condition (C2). 
Proposition  2.5.  Let  I  be  an  ideal  of a  ring  R  and  let
S be  a  multiplicatively  closed  subset  of  R. If  IRS satisﬁes
the condition  Cn, then  the  ideal  IRS ∩  R satisﬁes  also  this
condition.
Proof. The proof of this proposition is trivial. 
Proposition 2.6.  If  I  is an  ideal  satisfying  the  condition
Cn for  some  integer  n,  then  its  radical  p  =:
√
I is  prime.
Proof. Let x  and y two elements in R. Assume that xy  ∈√
I. Then (xy)s ∈  I  for some integer n  ≥  1, so xsnysn ∈
In . As I  satisfies the condition Cn, we get xsn ∈  I  or
ysn ∈ I, that means x  ∈ √I  or y  ∈ √I. Hence √I is a
prime ideal. 
Proposition  2.7.  If  I  is an  ideal  satisfying  the  condition
Cn, then  for  all  integers  s  ≥  1 and  for  all  ideals  J  and  K
of R,  the  inclusion  JK  ⊆  Isn implies  that  either  J ⊆  Is or
K ⊆ Is.
Proof.  Let J  and K  two ideals of R  such that JK  ⊆  Isn.
Assume that J   Is and K   Is, then there exist x  ∈  J \ Is
and y  ∈ K  \  Is. Hence xy  ∈  JK, therefore xy  ∈  Isn. As I
satisfies the condition Cn, we get x ∈  Is or y ∈  Is. This
is a contradiction, so either J ⊆  Is or K  ⊆  Is. 
Proposition 2.8.  If  S  is  a  faithfully  extension  ring  of  R
and I  be  an  ideal  of  R such  that  IS  satisﬁes  the  condition
Cn, then  I  satisﬁes  also  this  condition.
Proof. Let x  and y  two elements in R  such that xy  ∈  Isn.
Then
xy  ∈  IsnS =  (IS)sn.sults about ideals satisfying the condition Cn, J. Taibah Univ.
Since IS  satisfies the condition Cn, we get x  ∈  IsS ∩  R
or y  ∈  IsS ∩  R, therefore x  ∈  Is or y ∈  Is because
IsS ∩  R = Is. 
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heorem  2.9.  Let  I  be  a  p-primary  ideal  of  a  ring
. Then  IRp satisﬁes  the  condition  Cn if  and  only  if I
atisﬁes also  the  condition  Cn.
roof. From Proposition 2.4, it is clear that if I  satisfies
he condition Cn, then IRp satisfies also this condition.
onversely, assume that IRp satisfies the condition Cn.
et x and y  two elements in R  and let s  ≥  1 be an integer
uch that xy  ∈  Isn. Then xy  ∈ IsnRp. As IRp satisfies
he condition Cn, we get
 ∈  IsRp ∩  R  or y  ∈  IsRp ∩  R.
y Nagata [3, (6.6), (b)], we obtain that
sRp ∩  R  =  Is
ecause Is is p-primary. Consequently either x  or y
elongs to Is. 
.  Linear  equivalence  between  p-adic  and
-symbolic  topologies
Let G  be an abelian group and H  =  (Hn)n ∈ Z a family
f subgroups of G. The set H  is called a filtration of G  if
n+1 ⊂  Hn for all n  ∈  Z and
n
Hn =  G.
e can define from this filtration a topological structure
n G  by taking the sets Hn as a fundamental system of
eighborhoods of 0. In general, a subset N  of G  is open
f for all x  ∈  N  there exist n  such that x  + Hn ⊆  N.
eﬁnition 3.1.  Let I be an ideal of a ring R. The I-adic
opology on R  is the topology defined by the filtration
In)n with the convention In = R  for all integer n  ≤  0.
eﬁnition  3.2.  Let H  =  (Hn)n and K  =  (Kn)n two fil-
rations of an abelian group G. We say that the H-adic and
-adic topologies are linearly equivalent if there exist
wo affine functions φ, ψ  from N  to N  such that for all
ntegers n    0:
φ(n) ⊂  Kn and Kψ(n) ⊂  Hn.
xample  3.3.  Let I  be an ideal of R.
1) For all two positive integers r  and s, the Ir-adic and
the Is-adic topologies are linearly equivalent.
2) If R  is Noetherian, then the I-adic and the √I-adic
topologies are linearly equivalent.Please cite this article in press as: W. Messirdi, C. Beddani. Some re
Sci. (2015), http://dx.doi.org/10.1016/j.jtusci.2015.10.009
eﬁnition  3.4.  Let p  be a prime ideal of a ring R. For
 positive integer n, the ideal pnRp ∩  R  is called the n-th
ymbolic power of p  and is denoted p(n). PRESS
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The topology obtained by the filtration (p(n))n is called
p-symbolic topology.
Theorem 3.5.  If  I  is  an  ideal  ﬁnitely  generated  of  a
ring R and  satisﬁes  the  condition  Cn for  some  positive
integer n,  then  the  p-adic  and  the  p-symbolic  topologies
are linearly  equivalent,  where  p  = √I.
Proof.  As R  is Noetherian, there exists a positive integer
l such that pl ⊂  I. Let s  be an integer and x  an element
in R  such that:
x  ∈  p(snl) =  psnlRp ∩  R.
Then tx  ∈  psnl ⊆  Isn for some t ∈  R  \  p. Since I  satis-
fies the condition Cn, we get t  ∈ Is or x  ∈ Is. But if t  ∈  Is,
then t  ∈ p, this is a contradiction, so x  ∈ Is. Hence for
all integer s,
p(snl) ⊆  Is ⊆  ps.
This means that the p-adic and the p-symbolic topologies
are linearly equivalent. 
4.  Condition  Cn, valuation  ideals  and
Cn-maximal  ideals
In this section, we present the notion of Cn-maximal
ideal and prove that every ideal satisfying the condition
Cn of a ring R can be contained in a Cn-maximal.
Deﬁnition  4.1.  [4, p. 340] Let R  be an integral domain
and K its quotient field. An ideal I  of R is called a valua-
tion ideal if I  is the contraction of an ideal of a valuation
ring V  containing R. Moreover, if ν  is the valuation asso-
ciated to V, the ideal I  is called ν-ideal of R.
Remark  4.2.  If ν : R  −→    is a valuation [5, p. 71] and
I is an ideal of R, then I is a valuation ideal if and only if
for each x ∈  R, y  ∈  I  the inequality ν(x) ≥  ν(y) implies
that x  ∈  I.
Theorem  4.3.  Let  ν be  a  valuation  over  a  domain  R,
and I  an  ideal  of  R  such  that  for  all  integers  n  ≥  1,  In is
an ν-ideal.  Then  the  following  conditions  are  equivalent.
(1) I  satisﬁes  the  condition  Cs.
(2) For  all  integers  n    1,  and  for  all  elements  x  ∈  R
such that  x2 ∈ Isn, we  have  x ∈  In .
Proof.  The implication (1)⇒  (2) is trivial. Recipro-sults about ideals satisfying the condition Cn, J. Taibah Univ.
cally, let Rν be a ring of valuation containing R. Consider
x, y ∈  R such that xy ∈ Isn. From the equality:
ν(x2) +  ν(y2) =  2ν(xy),
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we get:
ν(x2)   ν(xy) or ν(y2)   ν(xy).
Since Isn is ν-ideal, either x2 or y2 belong to Isn. By
hypothesis, we obtain x  ∈  In or y ∈  In. Then I  satisfies
the condition Cs. 
Deﬁnition  4.4.  Let I  be a proper ideal of a ring R  satis-
fying the condition Cn. We said that I  is Cn-maximal if
there are no ideals satisfying the condition Cn between
I and R. In other words, if J is an ideal satisfying the
condition Cn such I ⊂  J, then J  = I  or J  = R.
Theorem 4.5.  Let  I be  an  ideal  satisfying  the  condition
Cn of  a ring  R.  Then  I  is  contained  in  a Cn-maximal  ideal
of R.
Proof.  Let S be the set of all proper ideals of R  satis-
fying the condition Cn. Set
P(I) =  {J  ∈  S : I  ⊆  J}.
To prove the theorem, we need only to show that P(I)
satisfies the condition of Zorn’s Lemma. Since the ideal I
satisfies the condition Cn, we get P(I) /=  ∅. We partially
order P(I) by inclusion. Let {Iα}α ∈  be a totally ordered
subset of P(I). Let
m =
⋃
α ∈ Iα
For all α  ∈  , Iα ⊆  m. That means, m is an upper bound
for P(I). Its clear that m is a proper ideal of R. To satisfy
Zorn’s Lemma, we need to check: m satisfies the condi-
tion Cn. Let x, y two elements in R  such that xy  ∈  msn,
then we can write xy  as
xy  =
l∑
i=1
⎛
⎝
sn∏
j=1
xij
⎞
⎠
where xij ∈  m. Hence for all 1 ≤  i  ≤  l and 1 ≤  j  ≤ sn,
there exist αij ∈    such that xij ∈ Iαij . As the set
{Iα}α ∈  is totally ordered, there exists α  ∈   such
that xij ∈  Iα for all 1 ≤  i ≤  l, and 1 ≤  j ≤  sn. Therefore
xy ∈  Isnα and since Iα satisfies the condition Cn, we
obtain x ∈  Isα or y ∈  Isα. Consequently, either x  or y
belongs to ms. 
ConclusionPlease cite this article in press as: W. Messirdi, C. Beddani. Some re
Sci. (2015), http://dx.doi.org/10.1016/j.jtusci.2015.10.009
In algebraic geometry, the problem of resolution of
singularities asks whether every algebraic variety X  has
a resolution, that means: a non-singular variety Y  with a
proper birational map π  : Y  −→  X. Concerning varieties
[ PRESS
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over fields of characteristic 0 this was proved by Hiron-
aka [6], while for varieties over fields of positive char-
acteristic it is an open problem in dimensions at least 4.
The study of valuations, integral closure of ideals [7]
and linear equivalence between the adic and symbolic
topologies [8] play an essential role in many approaches
to find an affirmative answer of the problem of resolution
of singularities.
In the papers [1,2,9,10], we have given some results
linked to the condition Cn in a special case when n  = 2. It
is proved [2] that if I  is an ideal of a Noetherian domain,
then I  is one-fibered [9, Defnition 2.1] if and only if I
satisfies the condition C2. Geometrically, an ideal I  of
a Noetherian domain R satisfies the condition C2 if and
only if the reduced exceptional divisor EI = V (IOXI )
of the blow up XI of Spec R  along the subvariety V(I) is
irreducible and XI is a normal projective scheme.
The present work contains many results about certain
algebraic properties of ideals satisfying the condition Cn
when n is not necessarily equal 2. Also introduce the
notion of Cn-maximal ideals and show that every ideal
satisfying the condition Cn can be contained in a Cn-
maximal ideal.
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